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ANSWERS

Chapter 1 - Sets

Exercise 1.1

a, b, care true. d, e, f and g are false

Exercise 1.2

A, C, E are finite. n(A) = 8, n(C) = 1. B and D are infinite sets.

Exercise 1.3

a, b, d, fand g are true. (“{2}” is the set containing the number 2, which is not the same as “2”)

Exercise 1.4

a. A={-1,0,1,2,3,4}, B={Thursday, Tuesday}, C = {-1, 1},
: 1,.V3, 1 V3.
D = {cube roots of unity} = {1, Sty Tl}’ E = &, the empty set,

Since F is an infinite set, its elements cannot be listed. F = {x | 1 < |x]}.
b. 2€AE2¢B,CD,E.
c. n(A) =6, n(B) =2,n(C) =2, n(D) =0, n(E) = 3.
Exercise 1.5
L. &, {a}, {b}, {a, b}.
2. @, {1}, 35 {7}, {1, 3}, {1, 7}, {3, 7}, {1, 3, 7}.
3. a, {1}, {3}, {7}, {1, 3}, {1, 7}, {3, 7}.
Exercise 1.6
A’ =1{7,811,12}.
Exercise 1.7
1. Proof: AU(BNA)’ = AU(BUA”) = AUBUA = AUB’

2. Proof (ANB)UB)’ = (ANB)’NB’ = (ANB)NB’ = AN(BNB) = AN = &.
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Exercise 1.8

LHS = (AUB)\(ANB) = AAB; RHS = (ANB)UANB) = (A\B)U(B\A) = AAB = LHS: QED

Exercise 1.9

1.

a. {a> b} b {e} C. 2
d. 1 e. {a, b, e} f. 3
g A h. {e, ¢, d} i. {c, d}

j- {e}

{1, 3, 4, 5} has 24 = 16 subsets. Adding “2” to each of these sets gives all of the subsets of A
with “2” as an element, hence the answer is 16.

AN(AUB)N(BUA)=AN(BUA)=(ANB)U(ANA)=(ANB)UZ=ANB.
[(AUB)N(AUB’)JU[(AUB)N(AUB’)]

=[(AU(BNB)JU[(AU(BNB)]=[(AUZ]U[A Ug]|=AUA=U.
[[AUBNC)]N[BU(ANC)]I'=[AUBNC’)]U[BU(ANC)'=[ANBUC”)JU[BN(AUC”)]
=[ANBUC)]JUBN(BUA)]=[(ANBYUANC)JU[(BNA)UBNC)]

=(ANB)U(ANC)U(BNA")UB’NC)= (ANB)U(ANC)UBNC).

A\(ANB)=AN(ANB’)=AN(AUB’)=(ANA)U(ANB)=0U (ANB)=ANB’=A\B.

C C

AL/ B\C KN\

Or use a counterexample. Let A = {a, b, ¢, d}, B={c, d}, C = {c}

B\C={c} AUB\C)={a,b,c,d} (AUB)\C={a,c}.SoAUB\C)=(AUB)\C.

Venn diagrams sugges that this is true: BN(A\B) = BN(ANB’) = (BNB)NA = 2NA =2
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9. (AAB)U(ANB)=(A\B)U(B\A)U(ANB) = ((B\A))U(ANB)

= [(AUB)N(AUA)N(B'UB)N(B'UA)]U(ANB) = [(AUB)NUNUN(B'UA)]U(ANB)
= [(AUB)N(B'UA)]U(ANB) = [(AUB)N(BNA)’]U(ANB)=UU(AUB)= AUB.
10.  AA(A\B)=AA(ANB’) = [A\(ANB)]U[(ANB)\A]=[AN(ANBYJU[(ANB)NA]
= [AN(AUB”)]JU[(ANA)NB] = [AN(AUB)]U[@NB]=[(ANA)U(ANB)]UZ = ZU(ANB)
= ANB
1. AA(ANB) = [AU(ANB]\) [AN(ANB]
[AU(ANB)IN[(ANA)NB]’ = [AU(ANB)]N[ANB]’=AN[ANB]’= AN[AUB]

= (ANA)U(ANB) = U[ANB’] = ANB’ = A\B.

IB Exam Type Problems

1. We will show that ACB.

Letxc A

x€AUB if x is in A, it must be in A U anything
x€ANB given

XEB if x is in ANB, it must be in B

ACB

We will show that BCA.

Letxe B

x€AUB if x is in B, it must be in B U anything
x€ANB given

xcA if xis in ANB, it must be in A

BCA

SinceACBand BC A, A=B.
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2. The Venn diagrams are

A\B B\A

BN(A\B) = @, but BN(B\A) = B\A, so they are not equal

\A

AUBL/  CR\N CrA[l ][] CcnB—

CN(AUB) is the doubly shaded region. (CNA)U(CNB) is region with any shading.

The two regions are the same.
4. a. (XUY) N (X'UY"))' = (XUY) U (XUY')'= (XNY)UXNY)

b. LHS = AN(BUC)'= ANBNC

RHS = (A\B)N(A\C)= (ANB)N(ANC")= ANB'NC'

LHS =RHS

c. LHS = (AUB)N(AUB) = RHS

d. LHS = (ANB)N(ANC)’= (ANB)N(A'UC)= ((ANB)NA)U ((ANB) NC’)

= (ANBNA)U(ANBNC’)= gU(ANBNC’)= ANBNC’ = AN(B\ C) = RHS

e. LHS = ((AUC)N(AUB)")U((AUB)N(AUC)")= ((AUC)N(ANB’))U[(AUB)N(ANC’)]

=[(AN(A'NB")U(CN(A'NB)JU[(ANANC))UBN(ANC)]

=2@U(CN(A'NB)UUBN(A'NC')=(A'NB'NC)U(A'NBNC') = RHS

RHS = CN(AUB))U(BN(AUC)' = (CN(A'NB"))U (BN(A'NC")) = ANBNC)U(A'NBNC..



Answers

Exercise 2.1

1. a) 12R3,b) 3R12, ¢) 1R4, IR, 4R6, 5R6.
2. a)OR4,b) 12R4, ¢) 4R4 and 4R-6, 0R12, -1R12.

3. a)(3,4)R(0,4),b) (3, 4)R(3,4), c) R={((3, 4), (3,4)), ((0,4)), (0, 4)), (7, 23), (7, 23))} (0, 4)
R(7, 23), (0, 4)R(3, 4).

4. a) IR4,b) 4R56, c) 3R56, 1IR3 and 4R3; 8R56, 8R4.
5. 1R3,4R6and 9R9.

6. -1R0,-LR-L

3n4 3 1 5
\/f \/—5, gRg but 4R6, 4‘R§ and —=R

N2 V3

Exercise 2.2

1. It is not symmetric since many counter examples can be given. One of them is 12 and 1. 1 is
a divisor of 12 but 12 is not a divisor of 1.

2. It is symmetric since if m + n < 10 then n + m < 10 is also satisfied for every n, m € C.
3. It is symmetric since if d + a = c + b then ¢ + b = d + a for every (a, b), (¢, d) € D.

4. It is symmetric since if gcd(a, b) # 1 then gcd(b, a) # 1 for every a, b € E.

Exercise 2.3

1. Itis transitive since if a is the same age as b and b is the same age as ¢, then a and ¢ must be of
the same age.

2. Itis transitive since if a is at least as tall as b and b is at least as tall as ¢, then a is at least as tall
as c.

3. Itis transitive since if a lives in the same city as b and b lives in the same city as ¢, then a and ¢
also live in the same city for every a, b, c € H.

4. Ttis transitive. If ¢ is a factor of b and b is a factor of a, then c is a factor of a, for all a, b, ¢ € B.
5. Itis not transitive. One counter example is 12R-6 and -6R4, but 12R4.
6. It is transitive. This is a bit hard to see, so let’s do algebra. Given (a, b)R(c, d) and (¢, d)R(e, f),

we must prove (a, b)R(e, f) for all (a, b), (¢, d), (e, f) € D. We are given thatd + a = b + ¢ (1) and
thatc + f=d +e(2).
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We must prove thata + f=b + e (3).
Adding (1) and (2) givesa+d +c+f=b+c+d+e.
Then subtracting d + ¢ from both sides gives (3).

7. Itis not transitive. One counter example is 4R3 and 3R56, but 4R56.

Exercise 2.4

1l.a. Itisreflexive since 1 + 1,2 + 2,3 + 3,4 + 4 are all even. Therefore 1R1, 2R2, 3R3 and 4R4. It
is symmetric since if x + y is even then y + x is even, too. Hence if xRy then yRx for every x,
y€A. Tt is transitive since if x + y is even and y + zis even then (x + y) + (y + z) and so x + z
are even as well. We can conclude that if xRy and yRz then xRz for every x, y, z € A.

b. 1 is in relation with 3 and 2 is in relation with 4. Hence there are two equivalence classes:
{1, 3} and {2, 4}.

2.a) Itis not an equivalence relation, because it is not symmetric, because it contains (b, a) but
not (a, b).

b. It is reflexive because (1, 1), (2, 2), (3, 3), (4, 4), (5, 5) are all in R.

It is symmetric because for all of the pairs (1, 2), (2, 1), (1, 3), (3, 1), and (2, 3), (3, 2), both
members are in R.

It is transitive. Unfortunately checking transitivity can be laborious. Since (1, 2) and (2, 3)
are in R then (1, 3) must be too and it is. Also (1, 3) and (3, 1) requires (1, 1), check. (1, 3)
and (3, 2) requires (1, 2), check, and so on. They are all there.

3. It is sufficient to show that one of the three properties does not hold. It is not reflexive: 3R3
since 3 = 3. (Symmetry is also ruled out because 4R3 but 3R4 and since 4 > 3 but 3 > 4. Ris
transitive.) Remark: If the inequality is changed to = then the relation is not an equivalence
relation. It is reflexive and transitive but R is still not symmetric.

4.a. Ris reflexive since (x, y)R(x, y) holds for every (x, y) € R x R since [x + y] = [x + y]. Ris
symmetric, since if [x + y] = [a + b] then [a + b] = [x + y]. Ris transitive. If (x, )R(a, b) and
(a, b)R(c, d) then (x, y)R(c, d) as well for every (x, ¥), (a, b), (¢, d) € RxR, since if [x + y] =
[a + b] and [a + b]= [c + d] , then [x + y] = [c + d]. Therefore it is an equivalence relation.

b. Let us choose two pairs of numbers (2.2, -1.6) and (-2, 2.7). Are they in relation? [2.2,
-1.6]=0 and (-2, 2.7)=0, so (2.2, -1.6)R(-2, 2.7). Which (x, ) € R x R are in relation with
(2.2, -1.6)? We need (x, y) such that [x + y] =0, thatis0<x +y <1

These are the points on the Cartesian plane which lie between the lines x + y = 0 (line
included) and x + y = 1 (line excluded).

The points in the equivalence class with (2.2, -0.6) are the points on the Cartesian plane
which lie between the lines x + y = 1 (line included) and x + y = 2 (line excluded).
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And so on. So the equivalence classes are the regions between adjacent parallel lines in the
Cartesian coordinate system: x + y = n (line included) and x + y = n + 1 (line excluded),
n€Z. One can see that these sets fill up the plane, and no point lies in more than one of the
sets.

The equivalence classes of (x, ¥)R(a, b) if [x + y] = [a + b] are diagonal bands.

5. We have to show that R is reflexive, symmetric and transitive. R is reflexive since a - a =0
and 0 is divisible by 2 for every a € Z. R is symmetric since if a - b is divisible by 2 then b -
a is divisible by 2, too. b - a = —(a - b) for every a, b € Z. R is transitive since if aR®b, that is
a-b=2n,n€ Zand bRc, thatisb - c=2m, m € Z,thena - c=2(n + m) wheren + m € Z,
therefore aRc for every a, b, ¢ € Z. R partitions Z into two equivalence classes: odd and even
numbers.

6. First we determine which numbers are in relation with 0; 3 is a factor of x - 0, [0] are the
multiples of 3. x € {......-6,-3,0, 3,6, .....}. in other words {x | x = 3k, k€ZZ}. Now we determine
which numbers are in relation with 1. We need x such that 3 is a factor of x — 1. These are the
integers which give a remainder 1 on division by 3. x € {.....=5,-2,1,4, 7,....}; {x|x=3k+
1 k € Z}. Next we determine which numbers are in relation with 2. We need x such that 3 is a
factor of x — 2. These are the integers which give a remainder 2 on division by 3. x € {.....-4,
-1,2,5,8,....}; {x | x =3k + 2, k € Z}.Which integers are in relation with 3? These numbers
are the same as the first set, because 3 is in the first set. So we can conclude that there are
altogether three equivalent classes.

7. We have to show that it is reflexive, symmetric and transitive. R is reflexive since m is a
divisor ofa — a =0 for everya € Zand m € N, 2 < m. R is symmetric since if a - b = k-m then
b-a=-(a-b)=-kmforeverya, b,k € Zandm e N, -k € Z, 2 < m. R is transitive since if
a-b=kmandb-c=jmthena-b+b-c=a-c=(k+j)mforeverya, b c € Z, k+j€Z,
and m € N, 2 < m. If we take any positive integer and divide it by any positive integer m, the
possible remainders are integers: 0, 1, 2, 3, 4,..., m — 1. We could place in one set all those
integers which give a remainder 0 on division by m, in another set all those integers with
remainder 1, in another those with remainder 2 and so on. All these sets will be different,
and every integer will be in only one set for a given m. It is a partition of Z. This relation
partitions Z into m equivalence classes.
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Exercise 2.5

1. aRbif|a| =|b| wherea, b € R.

Answer | Reasoning
reflexive Yes |a| = |a| for every a € R.
symmetric Yes If |a| = |b] then |b| = |a| for every a, b € R.
transitive Yes If |a| = |b| and |b| = |¢| then |a| = || for every g, b, c € R.

Since R is reflexive, symmetric and transitive, it is an equivalence relation. Equivalence
classes are: {0}, {3,-3}, {1.5,-1.5}, etc.

2. mRnifand m, n € Z* and 3 is a factor of m? — n. Notation: 3|m2 - n?

Answer | Reasoning
reflexive Yes 3|m?— m?>= 0 for every m € Z".
symmetric Yes If 3|m? - n? then 3| —(m?- n?) = n>~ m? for every m, n € Z.".

If 3|m? - n? and 3|n*- k% then 3|m? - n? +n* k? = m*- k* for every m,

transitive Yes
n keZ.

Since R is reflexive, symmetric and transitive, it is an equivalence relation.

To find the equivalence classes, we make a table

x x* x> (mod 3)
1 1 1
2 4 1
3 9 0
4 16 1
5 25 1
6 36 0
7 49 1
8 64 1
9 81 0
10 100 1
11 121 1
12 144 0

There are 2 equivalence classes: multiples of 3 and non-multiples of 3.
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3. xRy ifx, y € Z and 2 is a factor of x* + y~.

Answer | Reasoning
reflexive Yes 2|x? + x> = 2x* for every x € 7.
symmetric Yes If 2|x> + y* then 2|y* + x for every x, y € Z.

If 2[y* + x* and 2|x*+ k* then 2| y?+ x>+ X2+ K= y* + K + 2%

transitive Yes Therefore 2|y*+k> for every , x, k € Z.

Since R is reflexive, symmetric and transitive, it is an equivalence relation. The equivalence
classes are the odd and even numbers.

4. mRn if m, n € N* and mxn is a perfect square.
Answer Reasoning
reflexive Yes axa is a perfect square for every a € N*.
svmmetric Yes If axb is a perfect square then bxa is a perfect square for every
4 a,be N
. If a-b = n? and b-c = m* then then a-c-b>*=m’x n*and a-c = (M)z
transitive Yes . . mn\ . . b
Since b is a factor of n and m as well, (T) is an integer.

Since R s reflexive, symmetric and transitive, it is an equivalence relation. Equivalence classes
are formed by those positive integers for which the product of their prime factorisation has
primes with even exponents only.

5. aRb if a and b are co-primes (relative primes) a, b € N*. (a and b are co-primes if their
greatest common divisor is 1, ged(a, b) = 1.)

Answer | Reasoning

reflexive No “a” and “a” are not co-primes since gcd(a, a) = a #1 (unlessa = 1).

symmetric Yes If ged (a, b) = 1 then ged (b, a) = 1 for every a, b € N*.

Counter example: a =12 and b = 35 ¢ = 2: ged (12, 35) = 1 and ged

transitive No (35,2) = 1 but ged (12, 2) = 2. Therefore 12R2.

Since R is neither reflexive nor transitive (only one counter example is needed), it is not an
equivalence relation.
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6. (% yR(a, b)if ¥*+y*=a*+b* (a,b), (x, y) € RxR.

Answer | Reasoning

reflexive Yes x>+ y* = x>+ y* for every (x, y) € RxR.
symmetric Yes If x*+ y*=a’+ b*then a>+ b* = x*+ y* forevery (g, b), (x, y) € RxR.

Ifx*+y*=a*+b*and a’+ b* = + d*then x>+ y* = ¢* + d* for every

transitive Yes (a, b), (%, ¥), (¢, d) € RxR.

Since R is reflexive, symmetric and transitive, it is an equivalence

relation. /’ \
- L N
quivalence classes: We will try to find one example. We AN *
will find all of the points such that (0, 1)R(x, y) that is & Jj
where x> + »* = 0>+ 1% Thus we need points for which
x*+ y* =12 This determines a circle with the centre being the origin
and the radius being equal to 1. This is one equivalence class. Thus
R partitions R x R into equivalence classes consisting of circles centred at the origin, for
example {(x, y)| ¥* + y* = 1}, {(x, y)| x* + y* = 2.3}, etc. The origin is in an equivalence class
by itself.

7. aRb if |a| - |b| is even where a, b € R.

Answer | Reasoning

reflexive Yes |a| - |a| = 0 which is even for every real number.

symmetric Yes If |a| — |b] is even then |b| — |a| = -(|a| — |b]) is even, too.

If |a| — || is even and |b| — |¢| is even then their sum |a| — ||

transitive Yes .
is even, too.

Since R is reflexive, symmetric and transitive, it is an equivalence relation. Those numbers
are in the same equivalence class which are at the distance of 2 units from each other on the
number line.

8. (%, y)R(a, b)ifx, y,a, be R and x+y=a+ 0.

Answer | Reasoning

reflexive Yes a+b=a+bforevery (a, b) € RxR.

metric Ye If (a, b)R(c, d) then (¢, d)R(a, b) thatisif a+b=c+d then c+d
Symme s =a + b for every (a, b), (¢, d) € RxR.

transitive Yes If (a, b)R(c, d) and (¢, d)R(e, f) then (a, b)R(e, fl: Ifa+b=c+dand

c+d=e+fthena+b=e+f forevery(a b), (¢, d), (e, /) € RxR.

Since R is reflexive, symmetric and transitive, it is an equivalence relation.

Equivalence classes: We will try to find one example. We will find all of the points such
that (0, 1)R(x, y) that is where x + y = 0 + 1. Thus we need points for which x + y = 1. This
10
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determines a line y = 1 — x. This is one equivalence class.

Then we will find all of the points such that (-2, 3.4)R(x, y) that is where x + y = -2+3.4.
Thus we need points for which x + y = 1.4. This determines a line y = 1.4 - x. This is another
equivalence class.

Other equivalence classes are lines with equation y = ¢ - x where c € R.

The equivalence classes consist of all lines with slope = -1.

The equivalence classes forx + y=a + b

9. (a, b)R(c, d)if |a| +|b] = |¢| + |d|, where (a, b) € R*\{(0, 0)}.

Answer Reasoning

reflexive Yes It is reflexive since |a| + |b| = |a| + |b] for every (a, b) € R?\(0, 0).
. If (a, b) R(c, d) then |a| + |b| = |¢| + |d|. This implies that (¢, d)R(a,
symmetric Yes b) by using |c| + |d| = |a| + |b| where (g, b), (¢, d) € R?\(0, 0).
If (a, b)R(c, d) and (¢, d)R(e, ) then |a| + |b| = || + |d| and |c| + |d|
transitive Yes = |e| + |f]- Therefore |a| + |b| = |e| + |f] holds. This means that (¢, d)

R(e, f) for every (a, b), (¢, d), (e, f) € R?\(0, 0).

Since R is reflexive symmetric and transitive, it is an equivalence relation.

To find the equivalence classes we first try to find the equivalence classes for all points
such that (0, 1)R(x, y) where |0] + |1| = 1. We need points which satisfy |x| + |y| = 1. If we
investigate points in the first quadrant then we need points such that x + y = 1 holds.

So y =1 - x. This means a segment with endpoints (0, 1) and (1, 0). If we investigate points
in the second quadrant then we need points when -x + y = 1.

So y =1 + x. This means a segment with endpoints (0, 1) and (-1, 0). After drawing the
other two segments in the third and fourth quadrant we have the locus which is a square
with vertices (0, 1), (0, -1), (1, 0) and (-1, 0).

11
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—21 )
The equivalence class for (0,1) More equivalence classes

The other equivalence classes are all other squares with the centre of origin and vertices on
the axes. If origin is included then one more class is the origin alone.

10. (% y)R(a, b)ifx, 3, a, b € R and [d] = [x], [b] = [y], where [z], the floor function, means the
greatest integer less than or equal to z. Notations: int(x) or [x]. It is called the integral or
integer part of a number.

reflexive Yes | (a, b)R(a, b) since [a] = [a] and [b] = [b] for every (a, b) € R x R.

If (a, b)R(c, d) then (¢, d)R(a, b). If [a] =[c] and [b] = [d] then [c] = [a]

symmetric Yes and [d] =[b] for every (a, b), (¢, d) € R x R.

If [a] = [c], [b] = [d] and [c] = [e], [d] = [f] then [a] = [e] and [b] = [f]

transitive | Yes | ¢ overy (a, b), (c, d), (e, f) € R x R.

Since Risreflexive, symmetric and transitive, it is an equivalence relation. Equivalence classes:
All of the points in each 1 x 1 square is an equivalence class. The upper right edges of each
square are excluded from the class and the lower left edges of each square are included in
the class.

o "

The equivalence classes for [a] = [x], [b] = [y]

12
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IB Exam Type Problems

1. i. R is reflexive because aRa since a®> = a*> (mod n) for every a € the set.
R is symmetric since if a*> = b* (mod n), then b*> = a* (mod n) for every a, b € the set.
Let aRb and bRc, then a® - b*> = nm and b* - ¢* = nk where m, k are integers.

ii. Adding gives a® - ¢*> = n(m + k), where m + k € Z, so aRc is transitive.

X x> x> (mod 6)
1 1 1
2 4 4
3 9 3
4 16 4
5 25 1
6 36 0
7 49 1
8 64 4
9 81 3
10 100 4
11 121 1
12 144 0
13 169 1
14 196 4

The equivalence classes are: {1, 5, 7, 11, 13}, {2, 4, 8, 10, 14}, {3, 9} and {6, 12}.
2. i. Reflexive: (a, b)R(a, b) because ab = ba for every (a, b) € R* x R*.

Symmetric: If (a, b)R(c, d), then ad = b, then c¢b = da, so (¢, d)R(a, b) for every (a, b) €
R*xR*, so symmetric.
Transitive: (a, b)R(c, d) and (¢, d)R(e, f), then ad = bc and cf = de, so ‘Zl—d = b—]f so af = be, so
(a, b)R(e, f) for every (a, b) € R* x RY, so transitive. ¢ ¢

ii. If (a, b)R(x, ), then ay = bx or y = %x. So the equivalence classes are points in the first
quadrant on straight lines through the origin with slope .

3. 1R2, but 2R1, so R is not symmetric, so R is not an equivalence relation.
4. i. Reflexive: x* - 4x = x* - 4x, for every x € R so reflexive.
Symmetric: if x> — 4x = y* - 4y, then y* - 4y = x? - 4x for every x, y € R, SO symmetric.

Transitive: if x*> — 4x = y* - 4y and y* - 4y = 2° - 4z, then x* - 4x = 2% — 4z for every x, y, z€R,
so transitive.

So R is an equivalence relation.

13
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ii.

1.

ii.

ii.

ii.

14

Ify? -4y =x-4x,then 0 =x” - y* - (4x - 4y),s0 (x - y) (x + y) =4 (x - ¥) =0, 80 (x - y)(x +
y —4) =0, so either x = y (which unhelpfully means that every number is in an equivalence
class with itself) or x + y = 4 (which means equivalence classes are ..., {2, 2}, {3, 1}, {4, 0} {5,
-1}, {6, -2}, {7, -3}, {0.2. 3.8}, {-3.9, 7.9}, {6.4, -2.4} ...

{2}
i. Reflexive: 2¥ = 2% (mod10) for every x € Z™, so R is reflexive.

Symmetric: If 2 = 2Y (mod 10), then 2¥ = 2Y =10 m, n € Z, s0 2¥ - 2¥ = -10 n, s0 2 = 2*
(mod 10) for every x, y € Z*, so R is symmetric.

Transitive: If 2% = 27 (mod 10) and 2 =2* (mod 10), then 2¥ -2V =10nand 2 - 2= 10m,
n, m € Z; adding gives, 2* - 2% = 10(n + m), so 2* = 2% (mod 10) for every x, y, z € Z*, so
transitive.

2* 2* (mod 10)

2

4

8

16
32
64
128
256
512
1024
2048
4096

Il el )
ey oy [ [N (=1 ENT [o) (S o (V) ) (S0 B3
O (o1 N [N [0 [o2] [T [N [0 (=] 1 | )

The equivalence classes are {1, 5,9, ...}, {2,6, 10, ...}, {3, 7, 11, ...}, {4, 8, 12, ...}; that
is the equivalence classes are 4k, 4k + 1,4k + 2,4k + 3, k € L.

i. Reflexive: Since x* — y* = x2 — y%, (x, ¥)R(x, y) for every (x, y) € R* x R*, so reflexive.

Symmetric: If x* — y* = a®> — b?, then a® — b* = x> - y* for every (x, y), (a, b) € R* x R, so
symmetric.

Transitive: If x* - y2 = a* - b? and a? - b* = ¢ - &% then x? - y* = ¢ - d*for every (x, y), (a, b),
(¢, d) € Rt x R*, so transitive.

If (x, ¥) R (0, 0) then x*> - »* = 0% - 0%, s0x* - »*= 0,50 (x - y)(x + y) =0,80 y = x Or y = —X.
Only y = x is in the first quadrant, so the equivalence class of (0, 0) is the part of the line y = x
in the first quadrant.

i. R1 is not an equivalence relation, because cRc, so R1 is not reflexive.

R, is not an equivalence relation, because dRf, but fRd, so R, is not symmetric.

R, is reflexive because gRg, hRh, iRi; symmetric because gRi and iRg; and transitive. So R, is

an equivalence relation.

For R, the equivalence classes are {h} and {g, i}.
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Exercise3.1

1. flx) = 2¢" range = R*; f(x) = arctan x, range = (-3, 7 ; flx) = %, range = R\{0}. They are not
surjections because their range is not R, codomain. They are injections because they pass the
HLT.

2. f(x) = x* - x. It is not an injection because f{0) = f(1). It is a surjection because its range is R,
codomain.

3.a. Injective because it passes the HLT; surjective because the range = {a, b} is codomain.

b. Injective because it passes the HLT; not surjective since range = {a, b, c} # B.
c. Injective because it passes the HLT; not surjective since range = R* # R.
d. Injective because it passes the HLT, surjective because the range = R* is codomain

e. Injective because it passes the HLT;

surjective since range = R is the codomain.

f. Injective because it passes the HLT;

not surjective since range = R* # R = codomain.

g. Not injective because it fails the HLT;

surjective since range = R*U {0} = codomain.

h. Injective, since if fla) = f(b), then a — 2 = b - 2, then a = b; surjective, since range = Z
codomain.

i. f(=1) = f(1), so not injective; x = £y + 2 if y > -2, so for y = 0, £V2 ¢ Z, so not surjective.
Orify =0, x* -2 =0, so x* = 2, which has no integer solution.

+2
j- Injective, since if f(a) = f(b), then 3a - 2=3b -2, thena=b; x = )’T ,sofory=0,x¢ Z,so
not surjective. Or for y = 0, 0 = 3x - 2, which has no integer solution.

k. Injective, since if fa) = f(b), then Va — 2 = Vb - 2 then a - 2 = b - 2, then a = b; surjective,
since range = R*"U{0} = codomain.

L f(1,2) = f(2, 1) so not injective. For f(x, y) = (1, 1), xy =1, x + y = 1, we get
x* - x + 1 =0, which has no real solutions, so not surjective.

m.  Fails HLT so not injective, range is [-1, 1] so not surjective.

15
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Fails HLT so not injective, range is [-1, 1] so surjective.
Fails HLT so not injective, range is [-1, 1] so surjective.
Passes HLT so injective, range is [-1, 1] so surjective.
Injective, surjective.

Fails HLT so not injective, surjective, since range =R = codomain.

Passes HLT so injective], surjective,

since range =R = codomain.

Fails HLT, so not injective;

not surjective, since range = ]0, 1] #R = codomain.

Passes HLT so injective;

surjective, since range = ]0, 1] = codomain.

Passes HLT so injective, surjective, since range = R = codomain.

f(0.1) = f(0.2) = 0, so not injective; range is Z # R = codomain, so not surjective.

Fails HLT, so not injective, surjective, since range = ]0, 1] = codomain.
Fails HLT, so not injective, not surjective, since range = ]0, 1] # R = codomain.
Passes HLT so injective, not surjective, since range = ]-1, 1[ # R = codomain.

Passes HLT so injective, surjective, since range = ]-1, 1[ = codomain.
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5. Since it is an odd polynomial, range = R = codomain,

so surjective; f{0) = f(3) = 0, so not injective.

2
6. f'x)= 2_72’6)2 f'(x) =0 when x = £1; f' changes sign at x = +1,

(*+1

so fis not an injection; , f{-1) = -1, (1) = 1, so surjection.

7. f'lx) = 2\/% > 0 for x > 0, so injection; range y > 0 which is not the codomain, so not a
surjection.
8. f'(x) = = sec’x > 0 for all x and the domain includes only one period of tan(x), so f(x) is

injective. Range of tan x = R, so a surjection.

IB Exam Type Problems
1. Since f(3) = f{-2) =0, it is not an injection.
Solving for x gives
x+2

2
flx) =
x; 3 if x is odd

if x is even

For all y € Z there is an x € Z, since 2y - 2 is even and 2y + 3 is odd, so f(x) is surjective.
2. We must show that f(x) is injective and surjective.
f'(x) =2x + 2, which is positive for all x > -1, so f{x) is injective.

Starting with y = x* + 2x — 15, completing the square and solving for x gives x = -1 £+/y + 16
which is real for y > -16; so f(x) is surjective. So f(x) is bijective. So f(x) has an inverse, f*(x)
= -1 +Vx + 16, where from =+ the + is selected to correspond to the domain of f(x).

3. We must show that f(x) is injective and surjective. So we must show that if fla, b) = f(c, d),
thena=candb=d.Soa-b=c-danda+ b =c + d, adding the equations gives, 2a = 2,
$0 a = ¢, subtracting the two equations gives b = d, so f(x) is injective.

Letting f(x, y) = (U, V) gives U=x-3 V=x+y.

Uu+v _-U+V,
2 VT2

Solving for x and y gives x =

if U,V € R, thenx, y € R, so f(x) is surjective. So f(x) is bijective.

x+y —x+y)
22

So f(x) has an inverse, f '(x, y) = (
17
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4. We must show that f(x) is injective and surjective. So we must show that if f(a, b) = f(c, d),
thena=cand b =d.So3a -2b=3c-2dand -a + 2b = —c + 2d. Adding the equations gives
2a = 2¢, s0 a = ¢; subtracting gives ¢ = d, so f(x) is injective.

Letting flx, y) = (U, V) gives U=3x-2y, V =-x+2y.

Uu+v _U+3V
2 VT4

Solving for x and y gives x =

If U,V eR,thenx, y€RR,so f(x) is surjective.

(x+y x+3y)
= .

So f(x) is bijective. So f(x) has an inverse, f '(x, y) = 7]

Exercises 4.1

1. a
i 2%3=2+43-23=-1
il. -3%0=-3+0-(-3)0=-3
iii. 602=2-6=-4
iv. 3%2)e4=4-(3+2-32)=4-(-1)=5
V. (-2e6)%x1=[6-(-2)]*%1=8%1=8+1-81=1.
b)

i. 2% x=3 means2+x-2x=3whichgivesx=-1
ii. x*k4=11 meansx+4—x-4=1lwhichgivesx=—%
iii. -3 @x =5 meansx - (-3) =5 which gives x = 2.
2. Letaxb=a’habeZ
a)
i 3%2=92=18
ii. 2% 3=43=12
iii. 3% 3=9.3=27
iv. 0% —2=0-(=2)=0
V. 3%4=94=36
vi. 2% 2=42=8
Vil 2 % (3 k 4) =2 % (9-4) =2 % 36 = 4.36 = 144

18



Answers

viii. (2% 3) % 4=(43) *x 4=12 x 4 =144-4 = 566.
b. For a = b or either a or b is zero.
c. No, counter-examples are given in part vii and viii.

Exercise 4.2

a. It is not a binary operation since 0° is not defined.
b. Not a binary operation, for example because 3 * -1 is undefined.
C. A binary operation since any two positive integers have a gcd. The greatest common divisor

of two positive integers is a positive integer. So the binary operation is closed.
d. Not a binary operation, for example because 1 * 1 is undefined.

e. A binary operation. As addition, subtraction and multiplication of real numbers are closed,
2a - 3cand 2b + d are real, so (2a - 3¢, 2b + d) € R*. So the binary operation is closed.

f A binary operation since you can form a fraction with a non-zero denominator. Any non-
zero real number divided by another non-zero real number is a non-zero real number. So
the binary operation is closed.

g. A binary operation since you can calculate the result for any two integers a and b. As addition,
subtraction and multiplication of integers is closed, a + b - 2ab € Z. So the binary operation
is closed.

h. It is a binary operation since the product is defined for all possible values of a and b. Not

closed since (3+2i)(4+6i) = 12 +18i+8i-12 = 0 which is not a member of the original set.

i It is a binary operation since the product is defined for all possible values of a and b.
It is closed since (a+bi)(c+di) = (ac - bd) + (ad + bc)i and if a and b are not both equal to
zero and ¢ and d are not both equal to zero, then at least one of ac, bd, ad or bc must also
not equal zero.

j- It is a binary operation, but not closed, since 3 divided by 4 is not a positive integer.

k. It is a binary operation and it is closed since the product of any two positive odd integers is
a positive odd integer as well.

L It is a binary operation. It is not closed since the sum of two odd numbers is even.

Exercise 4.3

1. a*e=a forevery integer.

19
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e * a =aalso gives e = 0, s0 a * b has identity element e = 0.

2

ekxa=_-=agivese=a

£
a
akxe=%=qagivese=1
e=98 :

e * a #a * esoa * bhas no identity element.
a*e=a ande* a=a means2de =a and 2ea = a. Therefore e = % which is a real number.
eXa=2e+a=a meanse=0.
a * e=2a + e = a means e = —a for every real number. There is no identity element.
a * e =a + 3e = a means e = 0 for every real number.

e * a=e+ 3a =a means e = -2a. There is no identity element.

e * a = a should hold if e is an identity. e * a = e by the definition of the operation. This way
e and a should be equal. There is no identity element.

The universal set is the identity element. ANU = UNA = A for every ACU and UCU so it
is from the set.

The empty set is the identity element AUZ = GUA = A for every ACU and @CU so it is
from the set.

Exercise 4.4

20

We already know that e = 0.
akal=a+a'!-2aa'=e=0
a+al-2aat'=0

a=a'(1-2a)=0

a1
2a -1

€ R, for all elements a other than l.

a 2

We already know that % is the identity element. a * a’ = 2aa™’ = L therefore a’ =L . But 0

. 2 4a’
has no inverse.
We already know that the identity is 1. a x al =
is the inverse of g, except that 0 has no inverse.

1.IfaeQ, al € Q unless a = 0. Therefore al
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4. We already know that the identity is 0. If a € Q then -a € Q and a + (-a) = (-a) + a = 0.
Therefore —a is the inverse of a.

Exercise 4.5

L. a * b is commutative, because the definition is symmetric with respect to a and b. Or
explicitly:a * b=a’>+b*-3(a+b)>=b* a=b>+a’-3(b+a)’ foreverya be R

2. a * b is not commutative, because the definition is not symmetric with respect to a and b.
Or one counterexampleis3 % 1=3*+1°-33+1)> =-38# 1% 3=1"+3>-33+1)’=
-20.

3. akxb=a+b-2a-2b=-a-b;bxa=b+a-2b-2a=-a-bforeverya,bcR.Soa * b
is commutative.

Exercise 4.6

1. It is commutative since a % b = (2°)" = 2% =b % a = (2°)" = 2% for every a, b € R.
It is not associative since (2 % 3) %1 =(2%) % 1 =64 % 1=2% 2
2% 3k 1)=2%[(2)']=2%x8=(22)°=2"

2. It is commutative sincea * b=a+ b +aband b * a= b+ a +ba foreverya, b € R.
It is associative since

(akb)y*kc=(a+b+ab)kc=a+b+ab+c+(a+b+ab)c=a+b+ab+c+ac+bc
+ abc

akbxkc)=axkb+c+bc)=a+b+c+bc+alb+c+bc)=a+b+c+bc+ab+ac
+ abc which are equal.

3. It is not commutative since 1 * 2=3+4=7#2% 1=6+2=8.
It is not associative since (2% 3) %k1=(6+6)*x 1=12% 1=36+2=38+#
2% (3% 1)=2%(9+2)=2%11=6+22=28.

4. It is not commutative since 1 k 2=1-4 =4#2% 1= 2-1=2.
It is not associative since (2 % 3) %k 2=(2-3*) *x 2=18 % 2=182*=72 #
2% (3%2) =2% (3-2%) = 2% 12=2.12>=288.

5. It is commutative sincea * b= (a-b)>=b *k a= (b-a)> foreverya,beR.
It is not associative since

(2%3)%1=36%1=36"=129622% (3% 1) =2 % 9 = 18 =324
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10.

11.

12.

13.

It is commutative sincea * b=a’+b*=b *k a= b*+a®> foreverya,beR.

It is not associative since (2 % 3) k1 =(22+3*) *k 1=13% 1=13*+1>=169+1=170
2% (3% 1) =2% (32 +12) = 2 % 10 =22+ 10> =104

It is commutative sincea * b=|a-b|=b* a= |b-a| foreverya,beR.

It is not associative since (5% 3) k1=|5-3| %1 =2%1=2-1|=1#

5% 3%1) =5%|3-1|=5%2=|5-2|=3.

It is commutative since a * b = b * a for every a, b € R, since the remainder of a - b is the
same as the remainder of b - a. It is associative, because the remainder of a product is equal

to the remainder of the product of the remainders.

It is commutative since a * b = b % a for every g, b € S, because the remainder of a + b on
division by 4 is the same as the remainder of b + a on division by 4.

It is associative since the remainder of a sum is equal to the remainder of the sum of the
remainders.

It is neither commutative nor associative.

It is commutative since a * b = b *x a for every a, b € S, because the remainder of a + b on
division by # is the same as the remainder of b + a on division by n.

It is associative since the remainder of a sum is equal to the sum of the remainders.

It is commutative since a * b = b * a for every a, b € R since the remainder of a - b is the
same as the remainder of b - a. It is associative, because the remainder of a product is equal
to the remainder of the product of the remainders.

ia.x=gq, b.x=p, c.x=s, dx=r

ii.a.No solution, b.x=p, C.X=pq dx=gq

IB Exam Type Problems

1.

b

22

a.ltisclosed.a+b-1€Z foralla, beZ".
ake=eka=a+e-1=a;thereforee=1¢cZ.

a'*a'=aka'=e=1=a+a'-1;s0a'=2 - a. Since a' must belong to Z*, a!* exists
only for a = 1.

ak b=a+b-1;b* a=b+a-1,soitis commutative for every a, b € Z*.
(akb)*kc=(a+b-1)*xc=(a+b-1)+c-1=a+b+c-2

ak(bkc)=ax b+c-1)=a+ (b+c-1)-1=a+b+c-2
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for every a, b, c € Z™. So it is associative.
2. (a) Itisclosed. a+ b +2abe R foralla, b € R.
b. axe=ekxa=a+e+2ae=a;e(l+2a)=0;thereforee=0¢€ R.

e * a=e+a+2ea=a gives the same identity element.

C. al*)al=a*xa'=a+a'-2aa'=e=0; soa= a'(2a-1),so0a'= Zaa— i a! exists for a :t%
d. akb=a+b+2ab=b*k a=b+a+2baforalla bcR,soitiscommutative.
e. (a * b) * c=(a+b+2bc) * c=a+b+2ab+c+2(a + b + 2bc)c = a+b+2ab+c+2ac+bc+4abc.

ak bk c)=a*b+c+2bc)=a+b+c+2bc+2a(b+c+2bc)
=a+b+c+2bc+2ab+ 2ac + 4abc. So it is associative.

3. a. It is not closed. 1 * 2 =% A

b. axe=exa= acff 5 50 ae = a’ + ae, which has no solutions for e, so there is no identity.
d, It is commutative.
e. It is associative because
abc abc abc
_ab _a+b _ a+b _ a+b _ abc
(a*b)*c_a+b*c_ ab T ab N a+b ab+ca+cb  ab+ac+be
c
a+b a+b a+b a+b
abc abc
ax(b¥=ax L —_bre _bic ___abc __ (54
b+c be b+c, bc ab + ac + bc
a+ a T
b+c b+c b+c
4, a
X |1(3]|5(7
1 (13|57
3013(117]|5
515(711(3
71715131
so closed.
b. Yes, 1.
c. 3,5 and 7 are self inverses.

d. Yes, because Rem(axb) = Rem(Rem(a) xRem(b)).
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d.

a, Closed. b, No. c. None.
d. Yes, because Rem(a+b) = Rem(Rem(a)+Rem(b)).
a. Yes, R is closed under addition, subtraction and multiplication.

(a, b) * (e, e,) = (a, b) = (ae, - be, ae, + be ). So a = ae, — be,, b = ae, + be,. Solving
simultaneously gives (e, e,) = (1, 0).

(a,b) x (a',b")=(e,e)=(1,0)=(aa'-bb'ab' +ba").
Thereforel=aa'-bb', (1) O=ab'+ba’. (2)
Thereforeb=aba'-b*b,bx (1) 0=a*b'+aba’. ax (2)

Subtracting gives b = -b* b' - a® b so -b = b’ (a® + b?)

L -b
so b= a+ b
Substituting this into (2) gives 0 = aﬁbbz +ba’
a

a__a

soa’=—s
g -b

And finally (a”', b™) = = i R
Yes.

Exercise 5.1

1.

24

Closure: It is closed. The sum of two even numbers is even.

Identity element: e = 0 since, 0 + a = a + 0 = a for every an even number. 0 is even.
Inverses: If a = 2n, where n€Z, then a — 1 = —2n since 2n — 2n = 0 and -2# is even as well.
Associativity: (2n + 2m) + 2k = 2n + (2m + 2k) for every n, m, k € Z.

So it is a group.

3 has no inverse. 3 x a = 1 has solution, a = % but it is not an integer. So it is not a group.
0 has no inverse. So it is not a group.

Closure: It is not closed: % X % = 6L ¢ A So it is not a group.

Identity element: e = S since SNA=ANS = A for every subset A of S. S C S.

But only S has an inverse, itself. So it is not a group.

Not associative, for examplea=4,b=1,c=2.(a % b) * c=1anda * (b * ¢) =3.
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So it is not a group.

7. There is no identity element. aa-fe S>ae=a’+ae>a’=0>a=0¢R"
So it is not a group.

Exercise 5.2

1. It is not a group, because not closed s * s =t.

2. It is not a group, because there is no identity element.

3. r is the identity element. It is not a group, because g has no inverse.

4, It is a group. s is the identity element. r' =1, s =5, p' =g, g = p.

Exercise 5.3

a. Foralla,be S,a*x beS.
b. The identity element is g, becausea * b=band b x a=bforallb e Sanda € S.

c. Forall b € S, b * b = a so each element is self inverse.

d. bx(c*kd=cbut(bxc)*kd=a.

a. There is no identity element since a * e=a and e * a=e for everya € Z. So itis not a
group.

b. 1*¥1=V1’+1° = V;2 ¢ Q, so it is not closed. So it is not a group.

C. There is no identity element, since a o e = a gives 2(a + ¢) = a, so e = —%. So there is no
identify element. So it is not a group.

d. (a, b) x (e, e) = (ae, - be, ae, + be) =(a, b) ae -be,=a andae +be,=b gives
b b-
(ep €)= ( 2 2ba)‘

The identity element must be independent of a and b, so the identity element does not exist.
So (S, *) is not a group.

e. It is not a group, since for a = 1 and b = -1 a * b cannot be calculated. It is not a binary
operation.

f. There is no identity element, e, such that min(a, e) = min(e, a) = a, so it is not a group.

g. 0° cannot be evaluated, so it is not a group.
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h. There is no identity element, so it is not a group.
i It is not closed. The scalar product is a real number not a vector.
j- It is closed. The vector product of two vectors is a vector as well. There is no identity element,

so it is not a group.

Exercise 5.4

lLLakx=axy Given.

a'k (a*x) =a'k (a*y) Since it is a group every element has an inverse a™.
(@' a) kx=(a'* a)*xy Applying associativity.

exx=exky Applying the inverse property.

X=). Applying the identity property

2. Step 1:

yka=b Given

(y ka)xa'=bxka' Since {S, *} is a group, a has an inverse a™'. Right multiply by a™*
y*k(akal)=bxa! Using associativity.

yke=bx*xa' Applying inverse property.

y=bxa' Applying identity property. From closure, y exists.
Step 2:

Let us assume that there are two different values of y, y,and y,for which y * a = b with y, = y,.
Since they both equal b, y, * a =y, * a now applying the right cancellation law, y =y, which is a
contradiction. So y is unique.
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Exercise 5.5

1. 3% 3=9;soweneeda=29;

X 1 3 7 9
1 1 3 7 9
3 3 9 1 7
7 7 1 9 3
9 9 7 3 1

With a =9, S is closed.
1 is the identity element.
31=771=3,9is self inverse

9 is order 2, since it is self inverse. 32 =9,3*=7,3*=1and 7°=9,7°=3,7*=1,s0 3and 7
are order 4.

Yes, since it is symmetric about the main diagonal, it is Abelian.
2. If a % ¢ = ¢ % b= then right multiplying by ¢! and using associativity,
ax(ckcl)=ckbxc'Henceake=ck bxclanda=c* b * c".
3. %(1 +iV3) = cis % . (cis %)n, for n =2, 3, 4,5 and 6 gives
1A +13), -1, 2-1-i3), 2(1-iV3), L.
4. Both are equal to a™

5) a. Not a group since 1 * 7 =7and 3 * 7 =7, so it does not have the Latin Square Property.

b

Closure

*
2 4 8 16 2 10 14
4
8

16 14 10 8 4 2

10 2 4 8 10 14 16

14 10 2 4 14 16 8

16 14 10 2 16 8 4

It is closed.
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Identity element

e=10

Inverses

271=14,14"=2,4"1=16,16"=4,8"1=8,10" = 10.

Associativity

Holds

So it is a group.

c.
Closure « | o 23] 4|56
0 0 2 3 4 5 6
2 2 0 6 5 4 3
3 3 6 4 2 0 5
4 4 5 2 6 3 0
5 5 4 0 3 6 2
6 6 3 5 0 2 4
It is closed.
Identity element e=0
Inverses 21=2,5"=3,3"1=5,4"=6,6"=4.
Associativity Holds
So it is a group.
d.
It is closed.
+
Ifo<x y<l1 thenu,< 1 since
Closure L+xy
x+y l4+xy-x-y (@-Dkx-1)
1- , = = >0,
1+xy 1+ xy 1+xy
Xty
and x * y = T+xy > 0.
xte _ . _e+x
1+ xe ex+1

Identity element

SOX +e=x+x%,50e=x¢,s0e=0 for every x and 0 is in the
given interval.

o O0+x . x40
CheCk'x_O'x+1_x_x-0+1
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-1
Lx_l=0,where0$x< 1.
1+xx
Inverses
X+x'=0
x'=-x, -1<-x <0, so there is no inverse.
So it is not a group.
e)
It is closed.
Closure

If x and y are non-zero real numbers then their product is non-
zero as well.

xee = 2xe = x and eex = 2ex = x for every x € R\{0}.
Identity element

e= % which is non-zero.

xoxl=2xxx x! :%: x'e x for every x € R\{0}.

Inverses 1
x~'= = which is non-zero.
4x
Associativity Multiplication on real numbers is associative.

So it is a group.

6.

Itis closed.Ifa, b € Sthenaxb—a—-b+2=a(b-1)-(b-1)+1
Closure

=(a-1)(b-1)+1=#1.
Identity e=2since(e-1)(a-1)+1=a=(e-1)(a-1)=a-1,wherea #1
element Se-1=1=2e=2=1

al= aL—I i sinceakal=axa'l-a-a'+2=2=a'ea—a'-a+2,
Inverses al(a-1)=a,Ifa#1thena'=—2%—and —%—# 1. Unless 1 is excluded

. a-1 a-1
a’lis not defined for all a.
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Associativity

Show that (a * b) * ¢) =a * (b * ¢) for every a, b, c € R\{1}.
(axb)y*kc)y=(@-a-b+2)c-ab+a+b-c-2+2
=abc-ac-bc+2c-ab+a+b-c
=abc-ac-bc-ab+a+b+c
axb*xc)=albc-b-c+2)-a-bc+b+c-2+2
=(abc-ab-ac+2a)-a-bc+b+c-2+2

=abc-ab-ac-bc+a+b+ec

Abelian

Show that a * b =b * afor every a, b, c € R\{1}.
a*b=axb-a-b+2=

b*a=ba—-b-a+2. Soitis Abelian.

Closure

1+2m 1+2k 1+2(k+m+2km)
142n 1425 1+2(n+s+2ns)

Iftm,n k sc€ Zthenk+m+2km,1+2(n+s+2nl) cZ.

Can n + s + 2ns = -%? No, because if we let n + s + 2ns = -1,
solving for n (or s) gives n(1 + 2s) = =% - s = —%(1 + 2s) which
gives n = —%. So, it is closed.

Identity element

e=1,where 0 € Zand 0 #-%.

1+ 20

T35 200 where 0 € Z and 0 #-%.

Inverses

1+2m _1+4+2n
If1+2n,X—1,m,n€Z,,thenX-—1+2m€S.

So it is a group.

30
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It is closed. If a, ¢ # 0 then ac # 0.
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(a, b) * (¢, d)=(ac, bc +d) = (a, b) = (¢, d) * (a, b).

a=acandb=bc+d
Identity element | c=1,b=b+d
c=1,d=0.

Soe=(1,0) €S.

(x, y)*(a, b) = (a, b)* (x, y) = (1, 0), where a 70,

therefore axx =1 and bxx + y = 0.

Inverses Hence bx% +y=0.
_1. _b
X—a—))/— -a

(a, b)'= (al,’ —%) € Ssince = al:t 0.

[(a, b) * (¢, d)] * (e, f) =(ac, bc +d) * (e f) = (ace, bce + de + f)
Associativity (a,b) * [(c, d) * (e, f)] =(a, b) *x (ce, de+f) = (ace, bee + de + f)

for every (a, b), (¢, d), (e, /) € S.

Not Abelian. Counter example:
(1,2) % (3,4) = (3,2x3 + 4) = (3, 10) but

(3,4) %(1,2) = (3,4x1 +2) = (3, 6)

9. a.
* I A B C
I I A B C
A| A| B C I
B B C I A
c| C I | A| B

Itisclosed,e=1, C'=A, A" = C, B' =B, I'' = I. Associativity is known.
b.i. B * (C* A)=B*I =B,

ii.(AxB)* (BkxC)=Cx A=1L
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IB Exam Type Problems

1. a.P (b'ab)' =b'a'b, soP istrue
Assume P_(b~'ab)* = b~'a*b
Therefore (b~'ab)*!
= (b 'ab)X(b'ab)

= (b"'a*b)(b'ab) Using the assumption

=bla*eab Using associativity and the inverse property
=b'a"ab Using the identity property

=blgkt p

SoP, > P, and P istrue. So P is true for every n € Z* by mathematical induction.
b,EITHER

By the definition of the inverse /'h = ¢; so we must show (b~'ab)(b'a™'b) = e
(b7lab)(b'a'b)

=bla(bb")a'b Using associativity
=b"aea™'b

=blaa™'b

=beb

=b'

=e.

OR

(b7lab)?

= (ab){(b™")! Using the reversal rule
=bla (b ")! Using the reversal rule
=bla'b.

c Let n = —m, where m € AR

So (b'ab)" = (b7'ab)™ = (b7'ab)~'"= ((b~'ab)™" )™

=(b"'a'b)" Using part b
=(b"'(aH)"b Using part a
=bla'"b

=b'a"

for all negative integers #.
2. a. bkxa=b+a-1=ax b, foralla,be R, so yes, commutative.

b. Closure: R is closed under addition and subtraction so closed.
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Associativity: (a x b) k c=(a+b-1)*kc=a+b-1+c-1=a+b+c-2
akbxc)=axkb+c-1)=a+(b+c-1)-1=a+b+c-2.
So associative, for all a, b € R.
Identity: e * a = a*ke=a+e—-1=a,s0e=1€ R, so an identity element exists
Inverse:a % a'=e so
a+al-1=1 so
a'=2-a € R, so each element has an inverse element.
The 4 conditions for a group are met, so {R, *} is a group.

3. a. Closure:, (a + bV5) x (c + dV5) = ac +5bd + (bc + ad) V5 where a, b, ¢, d € Q and
a?+b* #0and &+ d*> #0

ac + 5bd € Q, bc + ad € Q. From a* + b* # 0 a and b cannot both be zero, equally ¢ and d
cannot both be zero therefore ac + 5bd and bc + ad cannot both be zero, so

(ac +5bd)* + (bc + ad)* # 0. So it is closed.

The identityis 1 € S. 1 =1+ 0V5 and 1> + 0* = 0.

I a+bVs_ .1 o
nversea+b\/5 soa+b\/5 a+b\/5€SSIHCC
1 _la-bv5)_a-bV5__a . b 5 _a_ g

— = = 5
a+b\5(4_py5) a’-5b" a’-5b" a*-5b° o506

2
2512 :bsbz €Qifa,beQ. (az _asz)z + (a2 :l;bz) #0sincea, b #0.

a_

b

Since a and b cannot both be zero a® - 5b* #0, unless V5, which is not possible since a,

b € Q. So the inverse exists.

Associative: multiplication on R is associative.

The 4 conditions for a group are met, so it is a group.
(b) ifx, y € Rthen % = /5, would be possible, so an inverse element would not exist.
4. If the order of an element is 1, it is e. Since ee = ee, e commutes.

If the order of elements a and b is 2, a®> = b* = (ab)* = e.

So a, b and ab are all self inverses; i.e. a = a™!, etc.
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(ab)’=e

abab=e

a (abab) b = aeb left multiplying by a and right multiplying by b
ebae = ab

ba = ab.

OR

ab = (ab)™!

ab="b'a’ using the reversal rule

ab = ba.

Closure: for a, b € R\{0}, % € R\{0}, so closed.

B 11 3 L
Associativity: 367 (?) =550 not associative.
There is no identity, because % =a buté # a, for all a € R\{0}.

Inverse: Since there is no identity, there cannot be an inverse.
Given a X a = a. Since it is a group a™' must exist. So multiply both sides by a™*,

givinga' X ax a=a'x asoex a=esoa=e.

a » b cannot be a, since that would mean b = e, which is not true. Similarly a » b cannot be
b.So a x b = either e or c.

Ifakxb=ea=b'andb=a"'.Sob* axb* a=>b % e *x g, which gives
e=b+a.Sob* a=0b*a

If a * b =, then by the reasoning above b * a=calso,sob * a=0b x a.

a. xk y=y%k x% given

xk yk y=y*xxlky, right multiplying by y

Xk e=y*x x’ %y, using y”> = e and associativity
x=y* (x* % y). using associativity

xk y=y* x’ given

x?k x ok yok x=x"% y*k x% % x, left multiplying by x? and right multiplying by x

yx x=x"%y using x’ =e
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c. (xky)?
= xk(y*kx)ky
=xx(x7ky)*xy
=x*%xy? using y*x = x*ky

=exXe=e.

Exercise 6.1

Li.
+, 0 1 2 3 4
0 0 1 2 3 4
1 1 2 3 4 0
2 2 3 4 0 1
3 3 4 0 1 2
4 4 0 1 2 3

ii,
X, 0 1 2 3 4
0 0 0 0 0 0
1 0 1 2 3 4
2 0 2 4 1 3
3 0 3 1 2
4 0 4 3 2 1

ii. a.x+2=1,add 27! =3, giving x = 4.

b. 4x = 3, x = 2. By trial and error. Note that the cancellation law (multiplying both sides
by the “inverse”) does not always work because {Z,, x_} is not a group.

c. 3x+4=2. Add 4'=1,3x=3,x=1.
d. 4x+3=0. Add 3'=2,4x=2,x=3.

e. 3x+1)=0,x+1=0.Add 1"' =4, x = 4.
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f.

4x=2x+1.Add 3x,2x=1,x=3.

i. {ZP\{O}, ><p}, where p is a prime forms a group. 7 is prime.

{Z , + } forms a group for n € N, n > 2. The cancellation laws hold for all groups.

ii, For {Z_, +.} 0" = 0, otherwise a™' =7 - a.

For {Z\M0}, x } 17=1,2"=4,3"=54"=2,5"=3,6"=6.

iii.

x+4=3,add 4'=3,x=6.

2x =5, multiply by 2" =4,x=6

3x+2=3,add 27" =5,3x =1, multiply by 37" =5, x = 5.
5x+6=0,add 6" =1, 5x =1, multiply by 5! =3, x = 3.
6x+3=>5,add 37 =4, 6x =2, multiplyby 6" =6, x=5.

4x + 1 =2x,add 5x, since 27! =5,2x+ 1 =0,add 17" =6, 2x = 6, multiply by 27! =4,
x=3.

a. The Cayley table is:

(=]
o
—
S |

So it is closed. The identity element, I = 0, inverses: 0" =0, 17" =2,2" =1, itis
associative, because Rem (a + b) = Rem (Rem (a) + Rem(b)).

0+,1=0and 0 +, 2 = 0, so it does not have the Latin Square Property, so it is not a
group.

0+,1=0 and 0 +,2=0,s0it does not have the Latin Square Property, so it is not a
group.

So it is closed, identity element: I = 1, inverses: 17! =1,27' = 2.
Associativity: Yes. So it is a group.
It is not closed: 2 x, 2= 0, so it is not a group.

The Cayley table is:
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X 2 4 6 8
2 4 8 2 6
4 8 6 4 2
6 2 4 6 8
8 6 2 8 4

It is closed, identity element: I = 6, inverses: 27! = 8, 8! =2, 6! = 6, 4! = 4. Associativity:
Yes, it holds, so it is a group.

f. The Cayley table is:

7 7 11 1 5

11 11 7 5 1

It is closed, identity element: I = 1, inverses: 1" = 1,5 =5,7"' =7, 117! = 11. Associativity:
Yes, it holds. So it is a group.

g The Cayley table is:

x ol 1] 2] 4] 8
1| 1|2 4]s
2 | 24| 8|1
4 | 48| 1|2
s | 8| 1] 2] 4

It is closed, identity element: I = 1, inverses: 1" = 1, 27! = 8, 8! = 2, 4™ = 4. Associativity:
Yes, it holds. So it is a group.
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h. The Cayley table is:

9 12 9 6 3

12 6 12 3 9

It is closed. Identity element: I = 6. Inverses: 37! =12, 127! = 3,67 = 6, 97! = 9. Associativity:
Yes, it holds. So it is a group.

i The Cayley table is:

x, 1| 3| 4] 5|09
1| 1| 3| 4] 5|09
3 03[9 1] 4]5s
4 | a1 |5 |93

4 19| 3 |1
90l 9| 5| 3| 1|4

Itis closed. Identity element: I = 1. Inverses: 37" =4,4"' = 3,5"'=9,97' = 5. Associativity:
Yes, it holds. So it is a group.

j. The Cayley table is:

<, | 2 4 6 8 | 10 | 12
2 4 8 | 12 | 2 6 | 10
4 8 2 | 10| 4 | 12| 6
6 | 12| 10 | 8 6 4 2
8 2 4 6 8 | 10 | 12
10| 6 [ 12| 4 | 10] 2 8
12 | 10| 6 2 | 12 | 8 4

It is closed. Identity element: I = 8. Inverses: 27! =4,4"'=2,6"=6,8"'=8,10" = 12,
121 = 10. Associativity: Yes, it holds. So it is a group.
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k. The Cayley table is:

x, | 1 3 5 70 9 | 11| 13
1 1 3 5 | 7| 9 | 11| 13
3 3 9 1 7 || 5 |1
5 5 1| | 7 | 3 [ 13| 9
7l 77777 7|7
9 | 9 | 13| 3 7 | 1| o1 5
1| f s | 3|7 1 9 | 3
3| B || 9| 7|5 3 1

From the 7 row and column, it is not a group.

L. The Cayley table is:

x, 1 1 3 5 9 | 11 | 13
1 1 3 5 9 | 11 | 13
3 3 9 1 13 | 5 | 11
5 5 1 [ 1| 3 [ 13| 9
9 9 | 13| 3 | 11 1 5
1| | s | 13| 1 9 3
13 ] 13| 11| 9 5 3 1

It is closed. Identity element: I = 1. Inverses: 37! =5,5"=3,9"=11,11"=9, 13" =
13. Associativity: Yes, it holds. So it is a group.

m.  There is no identity element, so it is not a group.

n. {Z , + } forms an Abelian group for n € N, n > 2. So it is a group.
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o. The Cayley table is:

x, | 1 2 4 5 7 8
1 1 2 4 5 7 8
2 2 4 8 1 5 7
4 4 8 7 2 1 5
5 5 1 2 7 8 4
7 7 5 1 8 4 2
8 8 7 5 4 2 1

It is closed. Identity element: I = 1. Inverses: 27! =5,5'=2,4"=7,7" =4, 8 is self inverse.
Associativity: Yes, it holds. So it is a group.

Exercise 6.2

1.
° e f g h
e e f g h
ol f] e h| g
g | g | b | e ]
h h g f e
It is closed.
From the Cayley table e is the identity element.
Inverses:e'=e f'=fh'=hg'=g
Composition of functions is associative, therefore it holds for a subset as well.
The Cayley table is symmetric about the main diagonal, so it is an Abelian group.
2.
o e f g h
e e f g h
s e h g
g | &g | | f ] e
h h g e f
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It is closed.

From the Cayley table e is the identity element.

Inverses:e'=e, f'=f h'=g g'=h.

Composition of functions is associative, therefore it holds for a subset as well.
The Cayley table is symmetric about the main diagonal, so it is an Abelian group.

3. It is not closed, because pof = ﬁ . So it is not a group.

[o)

= 08 = =

f
g
h

~ = 0g |Og
e e

It is closed.

From the Cayley table fis the identity element.

Inverses: f'=f¢g'=h h'l=g

Composition of functions is associative, therefore it holds for a subset as well.
The Cayley table is symmetric about the main diagonal.

So it is an Abelian group.

d c d a b

It is closed.
From the Cayley table b is the identity element.
Inverses:a'=a, b'=b c'=c d'=d.

Composition of functions is associative therefore it holds for a subset as well.
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The Cayley table is symmetric about the main diagonal, so it is an Abelian group.

6. It is not closed, because fog = ﬁ So it is not a group.
7.
° e n g k m h
e e n k m h
n n e k g h m
m e h n k
k k h n m e g
m m g e k n
h h k m n g e

It is closed.

From the Cayley table e is the identity element.

Inverses:e'=e n'=ng'=gk'=mm'=k h'=h.

Composition of functions is associative therefore it holds for a subset as well.
So it is a group.

hok = g # koh = n. So it is not Abelian.

Exercise 6.3

1.
SIS
SNIEE
. (1339
o (219
2.
SNIEH
SR
. (319
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4.

Y

X

Y

WIX |Y (Z

a. Make a Cayley table:

WIWI|[X Y |Z
X | X | W|Z

Y |Y [Z2 [W]|X

Associative: Composition of permutations is associative.

Inverse: X, Y and Z are self inverse.

Z |z
Closure: Yes.
Identity: W.
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It is a group because it satisfies the four group properties.
It is Abelian because it is symmetric about the main axis.

X, Y and Z are of order 2, W is of order 1.

b. Make a Cayley table:

Wl X|Y | Z
WIWI|X| Y| Z
X|XxX|Y|lz]|W
Y| Y| Z|W|X
Z|lZ|W|X|Y

Closure: Yes.

Associative: Composition of permutations is associative.
Identity: W.

Inverse: X' = Z, Z7' = X, Y is self inverse.

It is a group because it satisfies the four group properties.
It is Abelian, because it is symmetric about the main axis.

X and Z are of order 4, Y is of order 2.

5. a. i.x iy idile ivx vy vix viie viiis
bia=er'=s dla=slr=s dlla=ys'=z iva=zy'=s

Exercise 6.4

l.a. (15)(23) b.(12345) c.(15)(234)
123 123 123456 123456
2. al'(231) b‘(231) C'(231654) d)(234651
123456
¢ (2 1465 3)
3. p = (476) (235). For p* each number is moved by two positions in the cycle for p, so

p* = (467) (253). For p~! each cycle in p must be reversed, so p™' = (467) (253).

4. p=(132),p°=(1)R)B3)=1d,p"=(1)(2)(3).. (k) =1d

s pa=(p3s =315 e
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(123456 . (123456
6. Pq‘(235461)‘11’“(251463)'N°
7. a.(135), b (12)(45), c(12345), d.(12345), e (14).
8.  a3l=6 b. (1), (12), (13), (23), (123), (132)

C. Let’s do a few (working right to left)
(12)(13): 153, 251, 35152 s0 (12)(13) = (132)

(123) (23): 152, 25351, 3523, 50 (123) (23) = (12)(3) = (12)

@ | 12 | a3 | @3 | 123) | 132
O | @ | a2 | a3 | @) | 23 | a32)
12) | a2 | @ | a3 | a23) | @3 | 13)
) | 13) a3 | @ |a2 | a2 | @3

(23) (23) | (132) | (123) (1) (13) (12)

(123) | (123) | a3) | @3 | 120 | 132) | ()
(132) || (132) (23) (12) (13) (1) (123)

Exercise 6.5

1. a.a(bc)=ar=>b
b.ar (br)=a(ra)=ac=r,
c.(r)yry=r(rr)=rr=r
dr ' (r,)?=rr2=rr=r
ear,a'=ar,a=ab=r,

2. ay=r'c=rc=a
b.y=rr, ' =rr=r,
cy=a'rcl=arc=aa=r,

3. a.a(bd)=ar,=c
b.(ar)(br)=ca=r,
c(r)yry=rr=r,
drt(, ) =rr’=rr=r
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e.(dr)a'=ca=r,
— -1~ _
4. ay=r-'c=b
— -1 —
b.y=rrt=rr=r,

— -1 -1 —
cy=a'rd'=ar d=r,

5. a.
i ii.
B C D A B C B A
r, C
A D C B A D C D
soi. r, ii) ¢
b. There are 4! = 24 permutations, but only 8 symmetries so no.
A B C D). .
For example ( A BD C) is not possible.
6.
notation symmetry
7, rotation about O through 0° - do nothing
T rotation about O through 120° anti-clockwise
r, rotation about O through 240° anti-clockwise
* r,o| 1 ,
rO rO rl r2
rl rl r2 rO
rZ rZ rO 7"1
It is closed. , is the identity element. r, ' = r,, r ' =7, r,”" = r. It is commutative. So it is a
group. It is an Abelian group since the Cayley table has a line of symmetry along the leading
diagonal.
7.

notation symmetry

r rotation about O through 0° - do nothing
rotation about O through 90° anti-clockwise
rotation about O through 180° anti-clockwise
rotation about O through 270° anti-clockwise
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* [ r r, r,
rO 7’0 rl rz r3
rl rl r2 7’3 rO
r2 1’2 r3 1’0 rl
r3 7’3 r() 1’1 rz

It is closed. r,is the identity element. r, ' = rerl=r. The operations r, and r,are self inverse.
Soitis a group. It is an Abelian group since the Cayley table has a line of symmetry along the
leading diagonal, that is, it is commutative. .

8. The operation is composition of symmetries. Because there are 10 symmetries, it is too
tiresome to construct a Cayley table.

First we check closure. The composition of two rotations is one of the rotations r, to r,.

The composition of a reflection and a rotation is one of the reflections a to f. We check one

example.
For example, a reflection Followed by an anti-
about the vertical axis a clockwise rotation of 72°
produces produces

Which is a reflection of
the original shape about d.

You may use the fact that every rotation is a composition of two reflections with lines of
symmetry intersecting at the centre of rotation. The angle enclosed by the lines must be half
the angle of rotation.

The composition of two of the reflections a to fis one of the rotations r, to r,.
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For example a reflection of Then a reflection about b
the original state about the produces
vertical axis a produces

Which is an anti-
clockwise rotation of
4x72°0f the original

You may use the fact that the composition of two reflections with intersecting lines of
symmetry is a rotation centred on the intersection of the lines. The angle of rotation is
double the angle between the lines.

We certainly do not want to check associativity case by case for the 1000 cases. Fortunately
this is another example of composition of functions which is associative.

The identity element is 7, a rotation of 0°.
Reflections are self inverses. r, and r, are inverses. r, and r, are inverses.

9. The setis the set of all rotations of Rubik’s Cube. The group operation is function composition,
that is, chaining rotations. The identity operation is doing nothing. For any rotation the
inverse is rotating it backwards.

10.  b. We can rotate 120° or 240° about a line running from each vertex to the centre of the
opposite face for 8 rotations. We can rotate about a line through the midpoint of an edge and

its opposite vertex for 3 rotations and we can do nothing for a total of 12 rotations.! There
are also reflections in a plane through one edge and the opposite midpoint.

Exercise 7.1

1. a. The Cayley table is:

Hlof1]2
ofo]1]2
1l1f2]o
20201

0 is the identity element. 0 cannot be the generator since it has an order equal to 1.

1 Symmetries in 3D objects is not in the IB syllabus.
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1'=1,12=2,1"=0,2'=2,22=1, 2° = 0. Therefore 1 and 2 have order 3 and are generators.
It is cyclic, since it has generators.

Alternately since it is a group of prime order, it must be cyclic.

b. The Cayley table is:
tloltf2f3|4]5
ofo)11(2]13]4]|5
111121314 ]5]0
20121314 )5]0]1
30131450 (1]2
4141510111213
5151011 )2|3]4

0 cannot be the generator since it has an order equal to 1.
1'=1,1?=2,1"=3,1"=4,1°=5,1°=0,
21=2,22=4,2°=0,

3'=3,32=0,

4'=4,4=2,4=0,
51=5,52=4,5"=3,5'=2,5=1,5=0.

2 and 4 are order 3. 3 is order 2. 1 and 5 are order 6 and so are generators. It is cyclic since it
has a generator.

Alternatively, since 1 does not have order 1, 2 or 3, by Lagrange’s theorem it must have order
6 and be a generator. Since 5 = 17, it must be a generator too.

C. The Cayley table is:

x, 1234
11234
2 012|413
303|142
414|321

1 cannot be the generator since it has an order equal to 1.
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21=2,22=4,2>=3,2=1,

31=3,32=4,3"=2,3"=1,

4'=4,4=1.

4 has order 2. 2 and 3 have order 4 and are generators. It is cyclic, since it has generators.

Alternatively, since 2 and 3 do not have order 1 or 2, by Lagrange’s theorem they must have
order 4 and be generators.

The Cayley table is:

x,l1l2]3]4]5]6
1 1(12]3 516
2121416111315
313|625 1]4
4 14115 (2]6]|3
5 51316 |4]2
6 6543 2]1

1 cannot be the generator since it has an order equal to 1.

22=4,2°=1,

32=2,3"=6,3"=4,3"=5,3°=1,

42=2,4=1,

57=4,5=6,5'=2,5=3,5=1.

6= 1.

2 and 4 are order 3. 6 is order 2.

3 and 5 are order 6 and so generators. It is cyclic, since it has generators.

Alternatively, since 3 does not have order 1, 2 or 3, by Lagrange’s theorem it must have order
6 and be a generator. Since 5 = 37, it must be a generator too.
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e. The Cayley table is

+lolt|2]3]|4]|5]|6]7
ofolt1]2|3f4afls5|e6]|7
1123|456 ]|7]0
2234|567 ]0]1
3 3|alsfefl7|of1]2
40 4]|5]6 o|l1]2]3
s s|e|7lofl1|2]3]4
6le6|7]ofl1|2|3|4]5
707 lof1rf2f3]4]5]6

2 and 6 have order 4. 4 has order 2. 1, 3, 5, and 7 have order 8 and so are generators. It is
cyclic, since it has generators.

Alternatively, since 1 and 3 do not have order 1, 2 or 4, by Lagrange’s theorem it must have
order 8 and be a generator. Since 5 = 37!, and 7 = 17, they must be a generator too.

Note that since 1> = 2 # 0, it's not order 2. From Lagrange’s theorem elements must be order
1,2,4 or 8. So check 1* = (1%)* = 2> = 4 # 0. So from Lagrange’s theorem 1 is order 8.

f. The Cayley table is:

10 | 12

12 | 10

10 | 12

—_
o
@)
—
\S]
N | ||
—
o
\S]
o]

12 10| 6 12 8 | 4

8 is the identity element. 8 cannot be the generator since it has an order equal to 1.
22=4,2°=8,

42=2,4°=8,

6> =8,

102=2,10°=6,10"=4,10°=12,10°=8,
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122=4,12°=6,12*=2,12°=10, 12°= 8.

2 and 4 are order 3. 6 is order 2, 10 and 12 are order 6 and so generators. It is cyclic, since it
has generators.

Alternatively, since 10 does not have order 1, 2 or 3, by Lagrange’s theorem it must have
order 6 and be a generator. Since 12 = 107, it must be a generator too.

The Cayley table is:

9 12 1 9 6 3

12 6 12 3 9

6 is the identity element. 6 cannot be the generator since it has an order equal to 1.
32=9,3"=12,3"=6,

9’ =6,

122=9,12°=3,12*=6.

9 is order 2, 3 and 12 are order 4 and so generators. It is cyclic, since it has generators.

The Cayley table is:

x, 0 2]46]s
2 41 8 2 6
4 8 6 4 2
6 2 | 4 6 8
8 6| 2| 8| 4

6 is the identity element. 6 cannot be the generator since it has an order equal to 1.
22=4,2°=8,2'=6,

4 =6,

82=4,8=2,8"=6.

4 is order 2, 2 and 8 are order 4 and so generators. It is cyclic, since it has generators.
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i The Cayley table is:

xol1 3719
1| 1|3]7]9
3 13|91 ]7
7071193
9 9|7 ]3|

1 is the identity element. 1 cannot be the generator since it has an order equal to 1. 9 has
order 2. 3 and 7 have order 4 and so are generators. It is cyclic, since it has generators.

j- The Cayley table is:

w
—
~
W | U |

N | o | W
Ul
~
—

1 is the identity element. 1 cannot be the generator since it has an order equal to 1.
32=1,52=1,72>=1,s0 3,5 and 7 have order 2.
It is not cyclic, since it has no generator, that is, it has no element of order 4.

k. The Cayley table is:

7 7 11 ] 1 5

11 (| 11| 7 5 1

1 is the identity element. 1 cannot be the generator since it has an order equal to 1.

5,7 and 11 are all order 2. So there are no generators. It is not cyclic, since it has no generators.
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The Cayley table is:
<.l 1l2]4]8
1 1 24| 8
2021481
4 41 8 1 2
8 8 1 2 | 4

1 is the identity element. 1 cannot be the generator since it has an order equal to 1.
4 is order 2.
2 and 8 are order 4 and so generators. It is cyclic, since it has generators.

The Cayley table is:

| W
N SN
— | O

— |
O | &~ |
W | v | O || O

w
S
w | o | »n
W
—

1 is the identity element. 1 cannot be the generator since it has an order equal to 1. 3, 4, 5 and
9 are all order 5, so generators. It is cyclic, since it has generators.

Alternately since it is a group of prime order, it must be cyclic.

{1,2,4,5,7, 8} under 9f

The Cayley table is:
x,l1l2]4]5]7]8
1 1 2 4 5 7 8
2 2 4 8 1 5 7
4 4 8 7 2 1 5
5 5 1 2 7 8 4
7 7 5 1 8 4 | 2
8 8 7 5 4 2 1
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1is order 1. 8 is order 2. 4, 7 are order 3.
2 and 5 are order 6 and so are generators. It is cyclic, since it has generators.

Alternatively, since 2 does not have order 1, 2 or 3, by Lagrange’s theorem it must have order
6 and be a generator. Since 5 = 27, it must be a generator too.

o. eis order 1. a, b and c are order 2. There are no elements of order 4, so it is not cyclic.

p. Each element is order 2, except r, (order 2). There are no elements of order 4, so it is not
cyclic.

q- r,is order 1.7, a, b cand d are order 2. r and r, are order 4. There are no elements of order

8, so it is not cyclic.

I. The Cayley table is:

-i || -i] 1 i | -1

1 is the identity element. 1 cannot be the generator since it has an order equal to 1.
(-1)*=1. -1 is not a generator.

it=14,i*=-1,7 =i, i* = 1. (-i)! = i, (-i)?> = -1, (-i)’ = i, (=i)* = 1. Therefore i and -i are
generators. It is cyclic, since it has generators.

. The Cayley table is:

ol e n| g

k
el el|n| g | k|m|h
h

k g| h|m|e]|n
ml|m| h|n|el| k]| g
hi|lh|m| k| g|n|e

n, gand h have order 2, m and k have order 3.

It is not cyclic, since it has no generator, that is, it has no element of order 6.
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Call a rotation about the centre of n x 60° T wheren=0,1, 2, 3,4, 5.
r, cannot be the generator since it has an order equal to 1.

3 _ 4 5 __ 6 —
ri=ryri=ryri=r,rP=r,r°=r,

2 Y
rr=r,
7'42 =Ty 7'43 "o,
rl=rporl=r,ri=r,rl=r,rl =,

Therefore 7, and r_ are the generators. It is cyclic, since it has generators.
e has order 1. Since the group is cyclic with order 8, x* = x*™d8 and x* = x* = e.

Since 3, 5 and 7 have no common factor > 1 with 8 are not factors of 8, the lowest power of
%, x°, x” that equals x° is the 8" power. Therefore x, x°, x°, x” generate the group.

Since 2 x 4 (mod 8) =0 and 6 x 4 (mod 8) =0, x> and x° have order 4.
Since 4 x 2 (mod 8) = 0, x* has order 2.

e has order 1. The group is cyclic with order 7. Since 7 is prime, the lowest power of a, a?, a°,
a‘, a°, a° that equals a° = e is the 7" power, so they all generate the group.

a. i. (ab)* = b* gives abab = bbbb. The right cancelation law gives aba = b*.
ii. a* = (ab)* gives aa = abab. The left cancelation law gives a = bab.

b.i. a®b # e, because if it did, then a*b = ae, so b = a, which is not true. So a’b is not
order 1.

ii. (a’b)? = (a’b)(a®b) = a*(aba)a’b = b*(b?)b*b = b'b'b'= a’a’a® = e a® = a® # e. So a’b is not
order 2.

(a®b)® = (a’b)* (a’b) = a*a’b = eab = ab # e, because if it did, then (ab)* = e, so abab = e, so
b*= ¢, so a> = e which is false. So a®b is not order 3.

(a®b)? = a’a*> = a*=e. So a’b is order 4.

ii. Similarly b%a is of order 4.

The elements of C are all of the form x?, where p is a positive integer. Since x is of order n, x"
= e,where e is the identity. There must be integers q and r such that p = nq + r, where ¢ > 0,
0<r<n-1.

Ifr=0,x=(x"1=¢el=c.

Ifr # 0, xf = x"*7" =(x")Ix" = ex” = x".
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Thus, for all values of p, x* is an element of the set {e, x, x%, x°, ..., x* 1}
Now we must show that they are all distinct. We assume that there are at least two elements
that are not distinct. If x* = x, where 0 < t <s < n, then x*~* = e. Therefore s - ¢ is a multiple

of n, but this is impossible if s and r are both less than or equal to n, so they are all distinct.

6. a. The solutions of z* = 1 are 1, -1, 4, —i. But 1 is the identity and -1 has order 2. i and -i have

order 4.
, s 1,33, 1 N3,
b. The solutions of 2> = 1 are 1, t> b5
But 1 is the identity. —% + \/731' and —% - \/731' have order 3.

Exercise 7.2

1. The Cayley table is

KW IN =

Q IN|=|>|B>

X
%]
Z
Y
X

N[Q [ X[~ N
QN =<[™[T

It is closed. The identity element, e = @. Each element is a self inverse.
A is associative on sets therefore it is associative on a subset as well.
The subgroups are {&}, {&, X}, {2, Y}, {@, Z}, since they are closed.

2. The Cayley table is

10 2 14| 81014 |16

14 |10 2 | 4 |14 | 16| 8

16 |14 )10 2 16| 8 | 4

It is closed. The identity element, e = 10.

Inverses: 27'=14,141=2,41=16,16"1=4,8"1=8,

57



Mathematics HL Topic 8: Sets, Relations and Groups

Associativity: Yes.
So it is a group.

Proper subgroups are {10, 8}, {10, 4, 16}.

Exercise 7.3

1.

58

OH = {m|m=4k k € Z} = H. IH={m|m=4k+ 1,k € Z}.
={m|m=4k+2,keZ}. 3H={m|m=4k+3, k€ Z}.

4H = 0H, 5H = 1H, etc. When taking negative integers you get the cosets above: -1H = 3H,
—-2H = 2H, etc.

Therefore we have 4 cosets: {m | m =4k, k € Z}, {m | m =4k +1,k € Z}, {m | m = 4k +2, k € Z},
{m | m = 4k +3, k € Z}. Notice that the 4 sets are disjoint and their union is the whole group.
Therefore the 4 cosets form a partition of Z.

Take one element from the group and add it to all elements of the subgroup {0, 4, 8}.
Adding 0 to H gives 0H = {0, 4, 8}.

Adding 1 to H gives 1H = {1, 5, 9}.

Adding 2 gives 2H={2, 4, 6}. Adding 3 to H gives 3H= {3, 9, 11}.

You can see that 4H = OH, 5H = 1H, etc. Therefore there are no new cosets formed when the
rest of the elements of the group are used.

We have 4 cosets which form a partition of Z ,.
Itis false. In D, r H = {r,r,, rd} = {r, a} = aH = {ar, ad} = {a, r }.

But Hr ={ryr,dr}={r, b} # Ha={r,a, da} = {a, r}.

01’

Hb ={hb| h € H}. b = eb € Hb, since e € H. Since Ha = Hb, b € Ha.

1H = ll c132?n, c1s4?n] cis%H {c1s§, 1, c155?n]
ciszTnH 1c132?ﬂ,cis4?n,l} -1H= { 1, cis 3,c1s }
c1s—H—c1s—{c1s— 1, cis =~ } c1s5?nH= {ass?n, cis 3,—1}
H ={ar,aa} ={a r} bH ={br, ba} ={b,r}
={rr,ralt={r, b} ={rr, r,al = {r, a}
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Exercise 7.4
1. a. {rh{rpryr, b ir, ab {r, bh {r,, ¢
b. {11, {1, -1}, {1, -1, 1, -i} c. {1}, {1,6} {1, 2, 4} d. {6}, {6, 9}

2. a Yes. It is closed; the sum of two even integers is even. 0 is included. Every element has
its inverse.

b. No, since it is not closed; the sum of two odd integers is even.
c. No, since no element but zero has an inverse.
d. Yes, since it is closed, the sum of two integers divisible by 3 is divisible by 3. 0 is

included. Every element has its inverse.

3. a. No, because only 1 has an inverse.  b. Yes, because it has the 4 properties.
C. No, because only 1 has an inverse.

4. a. eis orderl, x, y and z are order 2, r and s are order 3.
b. zos=ys50z=x C. {e, 1, s}
d. rand s are both generators. e. {e, x}, {e, y}, {e, z} and S itself.

5. a. (ab)(ab) = e

a(ab)(ab)b = aeb left multiplying by a and right multiplying by b
(aa)ba(bb) = aeb using associativity
ba = ab using ¢* = e and the identity property

b. From the given information the Cayley table must be:

*N'elalb

ellelalb

alale
b|b e
c. Yes as below

*

6. {e}, {e, a}, {e, b}, {e, ¢}, {e, a, b, c}.
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Since S is cyclic, there is an a € S such that a generates S. We will do a proof by contradiction.
We assume that (finite) S is not of prime order; we assume |S| =m x n,m, n € Z,m, n # 1. If
so, a™ generates a subgroup of order #, but this is a contradiction, since G has no non-trivial
proper subgroups, so S must be of prime order. Now suppose S is an infinite cyclic group.
If so, a* (along with e) will generate an infinite proper subgroup, but this is a contradiction,
since G has no non-trivial proper subgroups, so S must be of finite order.

Find the identity element, e. x * e = x = x + e + a x ¢, which gives e = 0. Find an element b
which is self-inverse. b % b =e =0=b + b + abb, which gives 0= (2 + ab) b. Since b is not
the identity, element b = -2/a. So the subgroup is {0, -2/a}.

(S, *) must contain an element, a, which is different from e, its identity element. The
order of element a is equal to the order n of the subgroup it generates. By Lagrange’s
theorem n must be a factor of p. Since p is prime, either n =1 orn=p. Sincea ze, n # 1
and therefore n = p. Since the order of a is p, a generates (S, * ), which is therefore cyclic.

A cyclic group has a generator, a such that all elements of the group = a", for some n € Z.

Since S is cyclic, it has at least one generator, a. That is a™ = e. Multiplying both sides of this
equation by (a”)™ gives a” o (a')™ = e o (a')", which gives e = (a”')". Therefore a’ is also
order m, so it too is a generator. But what if a is self-inverse? Then m = 2 and S is order
2, which is a contradiction. So S must have more than one generator.

The sixth roots are z = 1, z, = cis z, z,= cisz?n ,z,=-1,2,=cis an z,=cis 5%[ The Cayley

3 3
table is:

Closure: From the table S is closed.

Associativity: Multiplication of complex numbers is associative.
Identity: z.

Inverses: z ' =z,z, "' =2,2, ' =2,z =z,

T and cis 2 are generators. Therefore S is cyclic.

C1S 3 3
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7. a. i. aisorder 2, bis order 2, cis order 2, eis order 1.

ii. a is order 4, b is order 4, c is order 2, e is order 1.

b. i {e a}, {e b}, {e, c}. ii {e c}.

Exercise 8.1

1. {Z,, +,} is a group. Z, under subtraction modulo 4 is not a group, for example it’s not closed,
so it cannot be isomorphic to {Z,, +,}.

2. Determine which of the following groups of order four are isomorphic.

a. The operation table is.
101 |2]3
0 0 1 2 3
1 1 213160
2 2 3 0 1
3 3 0 1 2

b. The operation table is.
cle| f|lg|h
el e| flg]h
flflelh]zs
gl &|h|f]e
h|h|gl|lelf

c. The operation table is.
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d. The operation table is.

Xol 1 31719
1 1 3 7 9
3 3 9 1 7
7 7 1 9 3
9 9 7 3 1
e. The operation table is.

c d c b a
d cld]lalb

All elements of groups ¢ and e except the identity element have order 2, groups ¢ and e are
isomorphic. f.r, >d,r,>b,a>a,b>c.

Groups a, b and d have the identity element, one element of order 2 and 2 elements of order
4, so groups g, b and d are isomorphic.

Possible bijections are: k(0) = e, k(2) =f, k(1) =g k(3)=h
and l(e) =L, I(f) =g I(g) =3, 1(h) =7.

Remember that once we saw that an element was not of order 1 or 2 (in a group of order 4)
it must be of order 4, because 3 is not a factor of 4 and because the Latin Square property
requires every element to have an order less than or equal to the order of the group.

The operation table for S is:

* a b |r r
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The operation table for T is:

—_
Ju—
w
9)}
[SSIEN B2 B BN RN

All elements of groups S and T except the identity element have order 2.

The isomorphism f: S > Tisr, = 1,7, = 3,a 5, b~ 7. (Except that it must be r, - 1, all
other possible mapping are also correct.) So groups S and T are isomorphic.

4. The Cayley table for T is.

—
—
[\
[SS)

N | W

The identity element is 1. 4 has order 2. 2 and 3 have order 4.

The Cayley table for H is:

X 21468

2 4 | 8 2

4 816 | 4|2
6 2 14|68
8 6 | 2 8 | 4

The identity element is 6. 4 has order 2. 2 and 8 have order 4.

The two possible isomorphisms are: f: T > H: 16, 44, 22,38 and g: T > H: 16, 44,
28, 32,
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5. The Cayley table for G, is:

+lofl1]2]3]|4]|5s
ofo|l1f2f3]4]s5
1j1f2]3]4|5]o0
2 (2|3 |4 01
33 |4afs5fo]1]2
4] 4 ol1f2]3
5 5|01 ]2]3]4

The identity element is 0. 3 has order 2. 2 and 4 have order 3. 1 and 5 have order 6.

The Cayley table for G, is:
x [1 |2 [3 |4 |5 |s
1 1 2 |3 5 |6
2 2 4 6 1 3 5
3 3 6 2 5 1 4
4 |4 1 5 2 6 3
5 5 3 1 6 (4 |2
6 6 5 4 3 2 1

The identity element is 1. 6 has order 2. 2 and 4 have order 3. 3 and 5 have order 6.

The Cayley table for G, is

The identity element is 7. a, b and c have order 2. r and r, have order 3.
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Since G, and G, have elements with the same orders they are isomorphic.
One possible bijectionis: £ G, > G,,0>1,356,2>2,4>4,5>5,1->3.

But G, has elements with different orders, so it is not isomorphic to G, or G,.

6. a. Both are of infinite order.
b.In (1) =0,
c.In (1/a) = - In (a).

7. The Cayley table for the symmetry group of the equilateral triangle is

The identity element is 7. a, b and c have order 2. r and r, have order 3.

The cyclic group of order 6 has elements e, a, a* a’, a, a°, where a® = e. So a and its inverse
a° have order 6 that is they are generators, a* and its inverse a* have order 3. a* has order 2.

Since symmetry group of the equilateral triangle has no generator and the cyclic group of
order 6 does, they are not isomorphic.

8. The Cayley table for G, the cube roots of unity is

2in 4in
X 1 es e’
2in 4in
1 1 e’ e’
2in 2im 4im
e’ e’ e’ 1
4in 4in 2in
E e’ 1 e’

2in EL
1 is the identity, e 3 and e 3 are inverses and have order 3.

See answer for Q 9, 10.
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The Cayley table for H, {{1, 2, 4}, ><7} is

2n 4m

The isomorphism f: G> His 1> l,e3 >2, 63 >4,

1 is the identity, 2 and 4 are inverses and have order 3.
i2n i4n 6T 8

9. The fifth roots of unity are v = 1, 0, =€, w,=e%, w,=e%, w,=e€>.

The Cayley table for G, the fifth roots of unity under multiplication is:

1 is the identity. w, and w, are inverses and order 5, w, and w, are inverses and order 5. Since 5,
the order of the group, is prime, elements must either be order 1 or 5.

The Cayley table for {Z,, +} is:

o1 ]2]3]|4
ofjof1]2]3]4
1|12 ]3|4]o0
223401
303|401 ]2
4fl4afo]1]2]3

0 is the identity. 1 and 4 are inverses and order 5, 2 and 3 are inverses and order 5.
The isomorphism f: {Z, +.} > Gisa — w_.
We must show that f(a +, b) = fla) x f(b).
LHS = w,,,,.
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RHS=w, X , = w_, ,because AL Y/

10.  The isomorphism is f: Z > 2Z. Now we need to prove fla + b) = f(a) + (b). LHS =2(a + b).
RHS = 2a + 2b. LHS = RHS.

11.  Inboth {R\{0}, x} and {C\{0}, x} the element 1 has order 1 and the element -1 has order 2.
In {R\{0}, x} all other elements have infinite order, that is, there is no m € Z such that a” = 1.
In {C\{0}, x} there are two elements, i and i, which have order 4. Since {R\{0}, x} has no
elements of order 4, it cannot be isomorphic to {C\{0}, x}.

12.  The mapping is given. We must prove fix®y) = flx)of(y).
In this case Q = o = *.
LHS = bk (xky)*b".
RHS = (b % x % b') x (b*x y* b)
=bk xk b'xbxyxb!
=bkxxkexyxb!
= LHS.

13.  The rhombus.

14.  The Cayley table for the rotations and reflections of a square is:

x| || a b c d
nllrlrnlrnln|a b c d
r | c d b a
r r r r r a d c

1 3 0 2
d d| b c alr,fr|r]|r

The rotations alone form an isomorphic subgroup.
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15.  The operation table for the symmetry group of the square is:

x| ro || alb c | d
nllrlnlnlrn| a b c d
il ¢ d| b | a
r r r r r a | d]| ¢

1 3 0 2
d d| b c a|r,[r|r]|Tr

x| r, |1, | a b and x| rp || ¢ d
O R A b il ¢ d
Ll b|a |l dlc
a al|lb|r|mr c cld|r|m
b blal|r]|r, djld]|c|r]|r

They are subgroups because they are subsets, from the tables they are closed. r, is the identity
and all elements are self-inverse except r, and r,, which are inverses. They have r, and , in
common. Because it is the identity r, commutes with all other elements of the whole group.
By inspection of the table , commutes with all other elements of the whole group.
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IB Exam Type Problems

1. 1.Two groups {G, *} and {H, ¢} are isomorphic, if there exists a bijection f: G > H such that
fla * b)=fa) « f(b) foralla, b € G.

2. We must prove that f: {R*, x}> {R, +} is a bijection. Since f{x) is monotonically increasing
fis an injection. Since the range of f(x) is R, fis a surjection. Now we must prove fla * b) =
fla) « fib) for all a, b € R*.
LHS = f(a x b) =1n (ab)
RHS = fla) + fib) = In (a) + In (b) = In (ab)
LHS = RHS.

3. a. The table for S is

xlel| f|lg]|h
e | el f h
Flrleln]e
glg|hle]|f
hl|lh|g]| f]e
The table for G is
. 1 3 5 7
1| 1]13]|5]|7
3 3 1 7 5
5 5 7 1 3
7 7 5 3 1

b. For S and G all elements except the identity are order 2. For H 6 is the identity, 9 has
order 2 and 3 and 12 have order 4.

c. Since only H has elements of order 4 only H is cyclic. The generators are 3 and 12.

d. Since H has two elements of order 4 but for S and G all elements (except the identity)
are order 2, H cannot be isomorphic to either S or G. S and G are isomorphic with the
mapping: e~ 1, f 3,¢g+ 5, h = 7, since e and 1 are order 1 and the rest are order 2
and by inspection of the respective tables fla * b) = f(a) « f(b) for all a, b € R*.
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4, a. The table for S is

with 7,_being a rotation of 90° x n degrees anti-clockwise.

b. For S, 1 is the identity, -1 has order 2 i and —i have order 4. For G r,is the identity, r,
has order 2, r, and r, have order 4. For H, 6 is the identity, 4 has order 2, 2 and 8 have
order 4.

c. S, G and H are all cyclic.
The generators are for S are i and —i, for G are r, and r,. For H are 2 and 8.
d  f£SSGl>r,-l>r,i>r,-i>r.andg G>H, r,>6,7r,>4, 1 >2,1,>8.
5. a.

Closure: (3% x Sb) x (3% x Sd) =3¢ 5b+d witha+candb+d e Z,foralla, b, ¢, d €
7.

Associativity: multiplication of any subset of C is associative.

Identity: 1 i.e. a = b = 0 is the identity.

b b

Inverse: the inverse of 3% x 5”is 3™ x 5~

b. The isomorphism is f: (3“ X Sb) > (Z) We must show that flx * y) = f(x)  f(y) for all
a, be.

LHS = f((3% x 55y x (3¢ x 59 )) = (33F€ x 50+ - (a +c )

b+d
RHS = (3 x 57) + (6 5T) = (9] +(5) = (9.
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LHS = RHS
6. We must prove that f(e,) - f(a) = f(a), for all a € H.
From isomorphism f(b) - fla) = f(b * a), so fle,) - fla) = fle, * a).
Since e, is the identity element in S, e, * a = a, so fle .k a) = f(a), so fle,) - fla) = f(a).
The proof of fla) - fe,) = fla), is nearly identical, so is omitted.
7. i. G: 10 has order 1, 8 has order 2, 4 and 16 have order 3 and 2 and 14 have order 6.
H: 0 has order 1, 2 has order 2, 4 and 6 have order 3 and 3 and 5 have order 6.
I: 8 has order 1, 6 has order 2, 2 and 4 have order 3 and 10 and 12 have order 6.
J: e has order 1, n, g and h have order 2, k and m have order 3.
ii. G: {10, 8}, {10, 4, 16}
H: {0, 2}, {0, 4, 6}
I: {8, 6}, {8, 2, 4}
J: {e, n}, {e, g}, {e, b, fe, k, m}
iii. G; H and I are isomorphic to each other. The identity elements map to each other. The
elements with order 2 map to each other. The elements with order 3 map to each other. The

elements with order 6 map to each other.

iv. G; H and I are cyclic. The generators are the elements with order 6: G: 2 and 14; H: 3 and
5 1:10and 1

Exercise 9.1

L. a. {+1, -1} is a group under multiplication.

We need to show that f{p « q) =f(p) « f(q) for all p, ¢ € G. The product of two even permutations
is even, the product of two odd permutations is even, and the product of an even and an odd

is odd.

p q LHS RHS
even even fleven) = +1 +1 X +1=+1
even odd flodd) =-1 +1x-1=-1
odd even flodd) =-1 -1 x+1=-1
odd odd fleven) = +1 -1 x-1=+1

So LHS = RHS. Therefore it is a homomorphism,
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b. fis not injective. For example all even permutations, for example (12) (2 1), map to 1.

c. Since 1 is the identity element for {{1, -1}, x} and since all even permutations map to
1, the kernel is all even permutations.

2. a. Yes, it is the trivial homomorphism.
b. No, it is not injective.
c. Allofge G

3. a. Yes

b. Yes
c. {0}

4. a. No, it is not injective.
b. Yes.

c. {2nki with k € Z}.
5. a.  fla+b)=(a+b)(modn)=a(modn)+ b(modn)=fa)+ f(b)sofisahomomorphism.
b. No, because f(n) = f(2n) so fis not injective, but it is surjective.
c. All integers divisible by n.
6. a. fla+b)=2(a+b)=2a+2b=fla) + f(b) so fis a homomorphism.
b. But fis not surjective, since there is no integer n that satisfies f(n) = 3.

However f is injective, since f(n) = f(m) implies 2n = 2m which implies n = m. Not
isomorphic.

c. {0}

IB Type Problems

L. We must prove that if f: G > H is an injective homomorphism, the kernel is e_.
fle)) =e, A group isomorphism property.

Assume the kernel includes another distinct element a.

If so, f(a) = f(e) They must both equal e,

a=e, If f(x,) = flx,), then x, = x,, because fis injective

72



Answers

So our assumption is wrong and the kernel only includes e_.
2. We must prove that if for f: G > H the kernel is e, then fis an injective homomorphism.
So we must prove that if f(x ) = f(x ), then x = x,.

Assume f(x,) = flx,).

Sflx)* (flx )" = flx,) * floe)™ Right multiplying by f{x,)".
flx)x(fix) " =e, The definition of the inverse.
Jo)x flx, ) = ey fla) =fla)™.
flx, - x, ) =e, flx @ y) =flx) * fy).
x o x, ' Ekerf Definition of ker f.
x 0 x " =e The kernel is trivial.
X, =X, Definition of inverse.
3. First we give the homomorphism:

f:G>H:{a, ¢}~ Aand {b d} » B

Now we show f(x ® y) = flx) * f(y)

There are 16 cases to show, so we need to find an economical way to write these.

The diagonal cases:
fla® a) =flc®c)=fla) = A; fla) * fla) =flo) « fle) =Ax A=A
fb@b)=fido d)=fic)=A;  fib)+fib) = fid) + fid) =B * B=A.
Since [] is commutative, we only need to do half of the non-diagonal cases.

flb®a)=fd® c)=f(b) =B; fb) x fla) = f(d) = fc) =B « A =B.

fle® b) = fid) = B; fl©) % flb) = A+ B=B.
fld®@a)=fd) =B; fid) * fla)=Bx A=B.
fle® a)=fic) = A; fO*fly=AxA=A.
fld® b) =fla) = A; fld) * fib) =B x B =A.
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